Abstract. The support of wavelet transform associated with square integrable irreducible representation of a homogeneous space is shown to have infinite measure. Pointwise homogeneous approximation property for wavelet transform has been investigated. An analogue of Heisenberg type inequality has been also obtained for wavelet transform.
Introduction
Fourier transform is used to analyse the frequency property of a given signal. However, due to loss of information about time, other transforms like Gabor transform and wavelet transform have been found to be more useful. Continuous wavelet transform has been widely used in signal and image processing for investigating time-varying frequency. Unlike Fourier analysis, wavelet analysis expands functions not in terms of trigonometric polynomials but in terms of wavelets, which are generated in the form of translations and dilations of a fixed function called the admissible wavelet. Wavelets obtained in this way have special scaling properties. They are localized in time and frequency, permitting a closer connection between the function being represented and their coefficients. These have been recently studied in harmonic analyis (see [1, 3, 5, 8, 13] ). We begin by defining wavelet transform for an arbitrary homogeneous space. Let G be a locally compact group with left Haar measure µ and H a closed subgroup of G. The left coset space G/H is a homogeneous space with quotient topology. Also, G acts on G/H via (g, aH) → gaH. We assume that ∆ G (h) = ∆ H (h), for all h ∈ H, where ∆ G and ∆ H are the modular function of G and H respectively. For the pair (G, H), a rho function is a continuous function ρ : G → (0, ∞) such that ρ(gh) = ρ(g) for all g ∈ G and h ∈ H(see [7, p. 65] ). Let U (H π ) be the group consisting of all unitary operators on some Hilbert space H π . A continuous unitary representation of the homogeneous space G/H is a map π from G/H into U (H π ) for which gH → π(gH)ξ, η is a continuous map from G/H → C such that for each ξ, η ∈ H π and g, k ∈ G, π(gkH) = π(gH)π(kH) and π(g −1 H) = π(gH) * .
Let π be a square integrable representation of G/H, i.e. there exists some ξ ∈ H π and 0 < C ξ < ∞, satisfying
ρ(e) ρ(g) | ξ, π(gH)ξ | 2 dµ G/H (gH).
(1.1)
Then, ξ satisfying (1.1) is called an admissible wavelet. A continuous wavelet transform associated to ξ is a linear operator W ξ : H π → C(G/H) defined by (W ξ η)(gH) = ρ(e) ρ(g)
η, π(gH)ξ for all η ∈ H π , gH ∈ G/H. If π is irreducible, then W ξ is a bounded linear operator from Hilbert space H π into L 2 (G/H) and L 2 (G/H) ≃ L 2 (G/H, dµ G/H ), where µ G/H is a relatively G-invariant measure on G/H which arises from the rho function ρ. Also, W ξ (H π ) is a reproducing kernel Hilbert space with pointwise bounded kernel and the operator C ξ −1/2 W ξ is an isometry. For detailed study of wavelet transform on homogeneous space, one can refer to [5] . In this paper, we first show that for η ∈ H π \{0}, the support of W ξ η is a set of infinite measure. We prove that every pair of admissible vectors possesses homogeneous approximation property. In addition, we study the wavelet groups of the form B ⋉ A, where B, A are locally compact, type I groups. Moreover, lower estimate on norm of wavelet transform and Heisenberg type inequality have been obtained.
Concentration of Wavelet transform
Throughout this section, we assume that H is compact and ρ(g) = 1 for all g ∈ G. Thus, µ G/H is a G-invariant measure, i.e. dµ G/H (saH) = dµ G/H (aH) for all s ∈ G and aH ∈ G/H. To investigate the support of the wavelet transform W ξ η, we begin with following lemmas.
Proof. Let C 00 (G/H) be the space of continuous functions with compact support. Since χ M 0 ∈ L 1 (G/H) and C 00 (G/H) is dense in L 1 (G/H), therefore we choose f ∈ C 00 (G/H) such that χ M 0 − f 1 < ǫ, where ǫ > 0 is arbitrary. Then, we consider
The map a → a f is continuous from G → (C 00 (G/H), · ∞ ) [12, Proposition 1.25], where a f (xH) = f (a −1 xH) for all a ∈ G and xH ∈ G/H. Hence, h is a continuous function.
In the next lemma, we generalize [10, Lemma 2.1] to homogeneous spaces.
Lemma 2.2. Let G 0 , the identity component of G be non-compact and
where E is a compact subset of G. Thus, S = EHE −1 is a compact subset of G. Choose a ∈ G 0 \ S. For such a choice of a, we have aK ∩ K = φ. Moreover,
Therefore, it follows that
Again, we have
Thus, h is a non-constant continuous function on the connected set G 0 . So, we can choose a ∈ G 0 such that
In the next result, we prove that the support of wavelet transform W ξ η has infinite measure.
Theorem 2.3. Let G and H be as in Lemma 2.2 and ξ be an admissible wavelet associated with an irreducible square integrable representation π. Then for any η ∈ H π \ {0}, the set {gH ∈ G/H : W ξ η(gH) = 0} has infinite measure.
Proof. It is enough to show that for every subset
Continuing in the same manner, we get an increasing sequence {M k } ∞ k=1 of subsets of G/H given by
where a (i) ∈ G 0 for all i = 1, 2, . . . , k − 1 and satisfy
Consider the family {F k } k∈N of functions on G/H as follows
We will show by induction that
which implies that F k ∈ W ξ (H π ). Using (2.1), we conclude that the family {F k } k∈N of functions on G/H is linearly independent vanishing outside the set S of finite measure. Since W ξ (H π ) is a reproducing kernel Hilbert space with point-wise bounded kernel, therefore each subspace of W ξ (H π ) consisting of functions having support on a set of finite measure must be of finite dimension [16] .
a.e. and hence η = 0. Thus, the support of W ξ η is a set of infinite measure for every non-zero η ∈ H π .
Remarks 2.4.
(1) If we drop the irreducibility of π, then the conclusion of Theorem 2.3 may not hold. Consider a locally compact abelian topological group G and the left regular representation π of G. Then every non-zero function ψ ∈ C 00 (G) is an admissible wavelet. Fix non-zero functions
, where * is the convolution and
If G is an abelian locally compact group and π is an irreducible representation of G, then the support of wavelet transform is G. In this case W ξ η(x) = χ(x) η, ξ , where χ is the character of G associated with π. This may not be true if we consider a non-abelian compact group G. Consider G = T × D 3 , where D 3 = {x, y : x 3 = e = y 2 , xy = yx −1 }. Let π be an irreducible unitary representation of G given by:
where ω 3 = 1, n ∈ Z is fixed and ⊗ being the outer tensor product.
where #(D 3 ) is the cardinality of D 3 .
We conclude this section section by giving examples of group having a square integrable irreducible representation.
Examples 2.5. 1. Groups of the type H ⋉R n , where H is a closed subgroup of GL n (R).
where
and function ψ ∈ L 2 (R 2 ) is admissible if and only if
An irreducible square integrable representation σ on the Hilbert space
Every ψ ∈ L 2 (R n ) is an admissible wavelet and C ψ = ψ 2 2 . For the group structure of 5-dimensional groups G 5,1 , G 5,3 , G 5, 6 given below (see [14] ).
(ii) G 5,1 /Z, an irreducible square integrable representation σ on the Hilbert space L 2 (R 2 ) is given by
is an admissible wavelet and
where t ∈ T, x i ∈ R. Every ψ ∈ L 2 (R 2 ) is an admissible wavelet and
is an admissible wavelet and C ψ = ψ 2 2 . 3. Let A be a locally compact group with non-compact identity component having a square integrable irreducible representation σ and B be a compact group of the form H ⋊ K. Let τ be an irreducible representation of B which is identity on K. Then, G = (A × B)/({0} × K) has an irreducible square integrable representation π = σ ⊗ τ , where ⊗ being the outer tensor product [7, Theorem 7 .17].
Homogeneous Approximation Property
In this section, we deal with homogeneous approximation property for the wavelet transform on homogeneous space G/H, where H is a closed subgroup of G. For an irreducible unitary representation π of G/H with representation space H π , a pair (ξ 1 , ξ 2 ) consisting of admissible wavelets in H π is said to be an admissible pair if ξ 1 , ξ 2 = 0 and
is a non-zero scalar. 
where the integral is defined in the weak sense. 
for all s ∈ G.
Theorem 3.2. Let G/H be a σ-compact homogeneous space with an irreducible square integrable representation π. Then every admissible pair (ξ 1 , ξ 2 ) possesses homogeneous approximation property in H π .
Proof. Let K be an arbitrary compact subset of G/H and K ′ be a compact subset of G/H such that K ⊆ K ′ . Then for η ∈ H π and sH ∈ G/H, we have
But, G/H is σ-compact, therefore, there exists a sequence {K n } n∈N of com-
Since |χ Kn W ξ 1 η − W ξ 1 η| 2 → 0, as n → ∞ and |χ Kn W ξ 1 η − W ξ 1 η| 2 ≤ 4|W ξ 1 η| 2 , therefore by Lebesgue dominated convergence theorem, it follows that
Thus, there exists a K n such that
Therefore, we can choose a compact subset K of G/H such that
for every compact subset K ′ of G/H containing K and every s ∈ G.
We now consider similitude group G = (R + × S0(n)) ⋉ R n , with group operation (a, r θ , t)(a 1 , r θ1 , t 1 ) = (aa 1 , r θ r θ 1 , t + ar θ t 1 ).
The left Haar measure on G is given by
is a square integrable irreducible representation of G. For ψ ∈ L 2 (R n ),
is independent of almost every ω ∈ R n (see [1] ). Also, for an admissible pair (ψ 1 , ψ 2 ),
is independent of ω upto a measure zero set.
In the next result, we further deal with the point-wise homogeneous approximation property for wavelet transform on similitude group. The idea of results is motivated by [13] and [15] .
Proof. First we show that f A 1 A 2 is well defined. For this, we compute
Thus, using Tonneli theorem, the function
Thus,
Therefore, by Riesz representation theorem f A 1 A 2 ∈ L 2 (R n ). Now on using Plancherel Theorem, we have
Then for any ǫ, p > 0, there exist A 2 > A 1 > 0 such that for any (a, r θ , t) ∈ G with 0 < p ≤ a and 0 < A
Proof. For arbitrary 0 < A
Since both ψ 1 and ψ 2 are admissible, therefore we get
and
Also,
By Lebesgue dominated convergence theorem, we get
Therefore, we can choose 0 < A 1 ≤ A 2 such that for any (a, r θ , t) with 0 < p ≤ a and 0 < A
2 , the conclusion of the theorem holds. 
is said to be a feasible wavelet, if there exists a constant 0 < C ψ < ∞ such that for almost every γ ∈ A and for all
It may be noted that if A is a locally compact abelian group, then for a feasible wavelet ψ,
is independent of almost every γ ∈ A. For the case when A is a locally compact abelian group, one may refer to [6] . The continuous wavelet transform with respect to a feasible wavelet ψ is an operator W ψ :
where (ψ 
In fact, one can show that W ψ (L 2 (A)) is a reproducing kernel Hilbert space with point-wise bounded kernel k given by
Proceeding as in Lemma 2.2 and Theorem 2.3, we obtain the following: 
to the closed subspace of functions with support contained in M. Now,
Now P R being a projection on a reproducing kernel Hilbert space can be represented by
where F ∈ L 2 (G) and k(., .) is the reproducing kernel. Thus, for every F ∈ L 2 (G), we have
From [9] , the operator norm P M P R is given by
On substituting the value P M P R into (4.1), we get the desired inequality.
Next, we prove an analogue of Heisenberg type inequality for wavelet transform. Proof. For almost all b ∈ B, using Heisenberg inequality for Fourier transform on L × R (see [2] ), we have
On integrating both sides with respect to the measure δ τ (b)db, we get On substituting (4.3) into (4.2), we get
Remark 4.5.
(i) Using the data given in [2] , one may write the explicit form of the Heisenberg type inequality when A is a locally compact abelian group with non-compact identity component or ndimensional nilpotent Lie group or of the form K ⋉ R, where K is compact subgroup of group of automorphism of R.
(ii) As a particular case of above results, one can obtain results for abstract shearlet transform (see [11] ) by taking B = H ⋉ λ K, where H and K are locally compact groups and λ : H → Aut(K) is a homomorphism.
